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Abstract
We calculate the contribution to the anomalous magnetic moment of leptons
in the type-I and type-III seesaw models. We show that, even if the scale of
the new physics is pushed down to the electroweak scale, this contribution is
not large enough to explain the measured discrepancy of the muon anomalous
magnetic moment.
1biggio@mppmu.mpg.de
1 Introduction
The anomalous magnetic moment of a spin-1/2 particle is defined as the difference
between the gyromagnetic factor g of that particle and its value in the Dirac theory.
In formulae, a = (g − 2)/2, with g defined by ~µ = g e
2m
~s, where ~µ is the particle’s
magnetic moment, ~s its spin and e and m its electric charge and mass. Deviations
from the Dirac’s value g = 2 are predicted in quantum theories due to loops effects.
The measurements of the electron and muon anomalous magnetic moments have
recently reached an extraordinary precision, which has permitted, through the former,
to give the most precise determination of the fine-structure constant α and, using
the latter, to reveal a discrepancy between the standard model (SM) value and the
experimental one. This discrepancy, that could be due to new physics beyond the
SM, has motivated the calculation of aµ in many different models like models with
supersymmetry, extra dimensions, extended Higgs sector, additional gauge bosons... [1,
2]. Since new physics is required to explain neutrino masses, one may wonder if this
could also affect observables like the anomalous magnetic moment. Even if it is usually
believed that the new physics responsible for neutrino masses lies at a very high energy
scale and therefore contributes in a negligible way to these low energy processes, it
is not excluded that it can live at the energies which will be reached at near-future
colliders like LHC. If this is the case, the contribution to low energy processes could
be relevant and it is therefore interesting to study these effects.
The theoretical prediction of the electron anomalous magnetic moment is dominated
by QED contributions which have been calculated up to four loops 1 [4]. Adding to
them the electroweak (EW) and the hadronic contributions [5] and comparing the
result with the measured value [6]
aexpe = 115 965 218 0.85 (76) · 10−12 , (1)
the most precise determination of α has been derived:
α−1 = 137.035 999 709 (96) . (2)
The present world average experimental value of the muon anomalous magnetic
moment is given by [7]
aexpµ = 116 592 080 (63) · 10−11 . (3)
On the theoretical side the reached precision is almost the same, where the error
is dominated by the hadronic contribution. This can be extracted either from the
hadronic e+e− annihilation data or from hadronic τ annihilation data. Depending on
which of them is considered, the aSMµ ranges between 116 591 748 (61) · 10−11 [8] and
1See Ref. [3] for a short review on e, µ and τ anomalous magnetic moment and references therein.
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116 591 961 (70) · 10−11 [9], which give rise to the following discrepancies 2:
δaµ = 332 (88) · 10−11 (3.8 σ) (4)
δaµ = 119 (95) · 10−11 (1.3 σ) . (5)
Roughly, the difference between the SM prediction and the measured value is of
O(10−9). Any model of new physics able to contribute to the muon anomalous magnetic
moment by a similar amount could be a good candidate to explain this discrepancy.
As for the tau anomalous magnetic moment, the experimental precision [11] is un-
fortunately too low compared with the theoretical one [3], so that no useful information
can be obtained so far:
− 0.052 < aexpτ < 0.013 (6)
aSMτ = 117 721 (5) · 10−8 . (7)
In this paper we calculate the contribution to the anomalous magnetic moment of
the leptons due to singlets (triplets) of fermions responsible for generating neutrino
masses through the type-I (III) seesaw mechanism [12] ([13]). The organization of this
paper is the following: in Sect. 2 we define our notations and calculate the anomalous
magnetic moment due to triplets of fermions, in Sect. 3 we derive the result for the
singlets case, while Sect. 4 contains our conclusions.
2 The anomalous magnetic moment in the type-III
seesaw model
2.1 The type-III seesaw Lagrangian
The type-III seesaw model consists in the addition to the SM of SU(2) triplets of
fermions with zero hypercharge, Σ. In this model at least two such triplets are necessary
in order to have two non-vanishing neutrino masses, while there can be a contribution
to the anomalous magnetic moment even with only one triplet. Therefore, in the
following, we will not specify the number of triplets and our result will be independent
of it. Following the notations of Ref. [14], the beyond-the-SM Lagrangian is given by
L = Tr[Σi/DΣ]− 1
2
Tr[ΣMΣΣ
c + ΣcM∗ΣΣ]− φ˜†Σ
√
2YΣL− L
√
2YΣ
†Σφ˜ , (8)
where L ≡ (l, ν)T , φ ≡ (φ+, φ0)T ≡ (φ+, (v+H+iη)/√2)T with v ≡ √2〈φ0〉 = 246 GeV,
φ˜ = iτ2φ
∗, Σc ≡ CΣT and where, for each fermionic triplet,
Σ =
(
Σ0/
√
2 Σ+
Σ− −Σ0/√2
)
. (9)
2Intermediate values have been found in Refs. [10].
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Figure 1: Diagrams contributing to the anomalous magnetic moment of the lepton l.
φ±, η are the three Goldstone bosons associated with the W± and Z bosons. H stands
for the physical Higgs boson.
Without loss of generality, in the following we will assume that we start from the basis
where MΣ is real and diagonal. We express the four degrees of freedom of each charged
triplet in terms of a single Dirac spinor Ψ ≡ Σ+cR +Σ−R, so that the field content of our
model is given by the SM fields plus n Majorana fermions Σ0 (right-handed neutrinos)
plus n charged Dirac fermions Ψ. In the mass basis, the Lagrangian terms relevant to
our calculation are the following
L ⊃ LCC + LNC + LH,η + Lφ− , (10)
where LCC contains the charged current interactions among the charged leptons l, the
charged fields Ψ, the neutrinos ν and the neutral fields Σ0, LNC are the neutral current
interactions for charged fermions only and LH,η and Lφ− contain the interactions of
the fermions with the Higgs and the Goldstone bosons (see Appendix A for details).
In this model the neutrino mass matrix is given by:
mν = −v
2
2
Y TΣ
1
MΣ
YΣ . (11)
2.2 Calculation of the anomalous magnetic moment
The anomalous magnetic moment of a lepton l is related to the photon-lepton vertex
function Γµ as follows [15]:
ul(p− q)Γµul(p) = ul(p− q)
[
γµFV (q
2) + 2pµFM(q
2) + . . .
]
ul(p) (12)
al = −2mlFM (0) , (13)
3
where p is the momentum of the incoming lepton and q of the outcoming photon.
We calculate the anomalous magnetic moment at O((YΣv/MΣ)2), which is a good
approximation as long as MΣ is sufficiently big compared to YΣv
3. The diagrams
which contribute are depicted in Fig. 1. Grouping the amplitudes according to the
fermion circulating in the loop, in the limit in which m2l /M
2
W → 0, we have (see
Appendix B for details):
T IIIν =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}[5
3
+
7
6
ǫll − 1
2
∑
i
xνiVliV
†
il
]
(14)
T IIIl =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}
×
×
[
2
3
− 4 cos2 θW + 8
3
cos4 θW + ǫll
(
−16
3
+
8
3
cos2 θW
)]
(15)
T IIIΣ =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}∑
i
v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
A(xi)(16)
T IIIΨ =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}∑
i
v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
×
× [B(yi) + C(zi)] (17)
where
A(xi) =
−38 + 185xi − 246x2i + 107x3i − 8x4i + 18(4− 3xi)x2i log xi
6(xi − 1)4 (18)
B(yi) =
40− 46yi − 3y2i + 2y3i + 7y4i + 18(4− 3yi)yi log yi
6(yi − 1)4 (19)
C(zi) =
−16zi + 45z2i − 36z3i + 7z4i + 6(3zi − 2)zi log zi
6(zi − 1)4 (20)
and xνi ≡
m2νi
M2
W
, xi ≡ M
2
Σi
M2
W
, yi ≡ M
2
Σi
M2
Z
, zi ≡ M
2
Σi
M2
H
. Moreover V is the unitary PMNS leptonic
mixing matrix and ǫll =
∑
i
v2
2
(Y †
Σ
)liM
−2
Σi
(YΣ)il is our expansion parameter
4, not to be
confused with ε which represents the polarization of the photon. ǫ coincides with the
coefficient of the unique dimension-six operator generated by the fermionic triplets once
they have been integrated out and it is the unique combination of parameters which
enters in all the low energy processes, a part from neutrino masses.
Notice that the ǫ and xνi-independent terms in Eq. (14)-(15) are precisely the 1-
loop EW contributions [16] and must be subtracted. The type-III seesaw contribution
3YΣ is O(1) or smaller. In particular, for the lowest allowed value of MΣ, 100 GeV (see later),
YΣ . 10
−2, to satisfy current EW bounds (see later).
4Notice that xνi ∼ O(ǫ), as it can be easily seen looking at Eq. (11).
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to the anomalous magnetic moment is then:
∆aIIIl =
GSMF m
2
l
4
√
2π2
{
− 1
2
∑
i
xνiVliV
†
il +
∑
i
v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
×
×
[
7
6
− 16
3
+
8
3
cos2 θW + A(xi) +B(yi) + C(zi)
]}
. (21)
The terms contained in the square parenthesis in the above expression constitute the
loop factor which turns out to be a negative function which increases monotonically
with MΣ. Varying MΣ from 100.8 GeV to infinity
5, it varies between -2.86 (-3.18) to
-1.11, taking MH = 114.4 GeV (250 GeV). Since
∑
i(Y
†
Σ
M−1
Σ
)li(M
−1
Σ
YΣ)il is a positive
quantity, as well as
∑
i xνiVliV
†
il , this implies that the type-III seesaw contribution to
the anomalous magnetic moment is always negative. This already tells us that, even if
we lower the scale of the new physics, within this model we will not be able to explain
the measured discrepancy in the muon sector.
Omitting flavour indices, from the seesaw formula, Eq. (11), one gets, in general,
ǫ ∼ mν/MΣ ∼ 10−26 (1015GeV/MΣ), wheremν ∼
√
δm2atm has been used. On the other
hand, since xν ∼ δm2atm./M2W ∼ 10−24, for largeMΣ the first term in Eq. (21) dominates
and the contribution to the anomalous magnetic moment of leptons is negligible. When
this relationship between ǫ and neutrino masses exists, even if MΣ is lowered to the
electroweak scale gaining thus several orders of magnitudes, the type-III contribution
will remain negligible. However there are cases where ǫ can be decoupled from neutrino
masses or, in other words, where the smallness of these is obtained through cancellations
which do not affect ǫ [18, 19]. In these cases the second term in Eq. (21) is enhanced
and the first one can be neglected. Since we want to find an upper bound on the size
of the total type-III contribution, we consider the case in which the term proportional
to xνi can be neglected and MΣ is low. In this case, and taking for the Higgs mass the
lower limit MH = 114.4 GeV, we have:
∆aIIIl =
GSMF m
2
l
4
√
2π2
(−2.86)ǫll . (22)
What is now important in order to give an estimate of ∆al is the value of ǫll. We will
discuss this in the next Section.
2.3 The electron, muon and tau anomalous magnetic mo-
ments
The combination of the parameters of the type-III seesaw model which enters into
this calculation, i. e. ǫll, is the same that appears in many EW processes like leptonic
5We choose, as lower limit onMΣ, the LEP bound on the mass of new heavy charged particles [17],
while the upper limit (infinity) is considered just in order to see which is the maximal value of the
loop factor. In this case ǫ would go to zero, as well as ∆aIII
l
.
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and semileptonic decays of the W and Z bosons. Considering these processes, upper
bounds on ǫll have been derived in Ref. [18]: |ǫee| < 3 · 10−3 and |ǫµµ| = |ǫττ | < 4 · 10−3.
Taking them into account, we obtain the following constraints on ∆aIIIl , in the case of
“small” MΣ and with MH = 114.4 GeV (250 GeV):
|∆aIIIe | < 4.66 (5.18) · 10−16 (23)
|∆aIIIµ | < 2.67 (2.97) · 10−11 (24)
|∆aIIIτ | < 7.55 (8.39) · 10−9 . (25)
We observe that the upper values obtained in Eqs. (23)-(25) are smaller than the
theoretical errors in the SM computation, even if, for ∆aIIIe and ∆a
III
µ , they are of
the same order of magnitude as the error in the EW part. Moreover, the value of
|∆aIIIµ | obtained in this model is two orders of magnitude smaller than the measured
discrepancy δaµ.
3 The anomalous magnetic moment in the type-I
seesaw model
From the results obtained in the previous section it is now straightforward to derive
the contribution to the anomalous magnetic moment in the type-I seesaw. Indeed in
this case only singlet fermions are present, which can be identified with the fields Σ0
of the type-III seesaw model. Consequently, among the diagrams depicted in Fig. 1,
only the ones containing ν and Σ0 as internal lines have to be considered.
The relevant couplings in this case are:
gCCLlν = U0νν g
CC
LlΣ
= Y †
Σ
M−1
Σ
v√
2
gCCRlν = 0 g
CC
RlΣ
= 0
gφ
−
Lν
= mlU0νν g
φ−
LΣ
= mlY
†
Σ
M−1
Σ
v√
2
gφ
−
Rν
= m∗νU
∗
0νν
gφ
−
RΣ
= Y †
Σ
v√
2
(
1− ǫ′
2
) . (26)
Again, grouping the diagrams according to the fermion circulating in the loop and
making the same approximations we did in the previous section, we obtain, at O(ǫ):
T Iν =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}[5
3
− 5
3
ǫll − 1
6
∑
i
xνiVliV
†
il
]
(27)
T IΣ =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}∑
i
v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
D(xi) (28)
where
D(xi) =
10− 55xi + 90x2i − 37x3i − 8x4i + 6(7xi − 4)x2i log xi
6(xi − 1)4 . (29)
In Eq. (27) we recognize again the EW contribution of neutrinos which we have to
subtract. The contribution to the anomalous magnetic moment of type-I seesaw is
6
then:
∆aIl =
GSMF m
2
l
4
√
2π2
{∑
i
v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
[
D(xi)− 5
3
]
− 1
6
∑
i
xνiVliV
†
il
}
.
(30)
As before, we are interested in cases where the first term dominates over the second,
so that, from now on, we will neglect the latter. The terms contained in the square
parenthesis in the above expression constitute the loop factor which turns out to be a
negative monotonically-decreasing function. Then, also in this model, the contribution
to the anomalous magnetic moment of the leptons is always negative and the measured
deviation in the muon sector can not thus be explained.
Also for the type-I seesaw, considering EW decays, it is possible to put bounds
on ǫll. These, which are slightly larger than the ones obtained in the type-III case,
|ǫll| < 10−2, have been derived in Ref. [20]. Taking them into account and considering
the case in which MΣ = 100 GeV (1 TeV), we obtain, for each lepton:
|∆aIe| < 6.18 · 10−16 (1.54 · 10−15) (31)
|∆aIµ| < 2.65 · 10−11 (6.63 · 10−11) (32)
|∆aIτ | < 7.50 · 10−9 (1.87 · 10−8) . (33)
We observe that also in this model the new contributions are generically smaller than
the SM error. However, if we consider |∆aIτ |, for masses of order of 1 TeV or higher,
we see that it can be comparable with the present SM error.
4 Conclusions
Motivated by the deviation from the SM value of the measured anomalous magnetic
moment of the muon and considering that new physics beyond the SM is required
to explain neutrino masses, we have calculated the contribution to the anomalous
magnetic moment of the leptons in two classes of models for generating neutrino masses,
i. e. the type-I and type-III seesaw models.
We have found that, even if the scale of such new physics is just behind the corner, in
the reach of future accelerators like LHC, its contribution to the anomalous magnetic
moment of the leptons is generically smaller than the theoretical errors in the SM
calculation, rendering thus impossible to distinguish from the SM. Notice that what
forces this contribution to be so small are the bounds on ǫll coming from other EW
processes. Since in seesaw models like these the combination of the parameters of
the new physics which enters into low energy processes is unique, the strong bounds
coming from various EW processes apply, making impossible to use this new physics
to explain the discrepancy of the muon anomalous magnetic moment. This is not the
case for example in supersymmetric theories [2], where the much larger parameters
7
space makes it possible that different combinations of them affect different processes,
permitting thus to evade EW bounds.
We can thus conclude that, even if new physics responsible for neutrino mass gener-
ation like fermionic singlets or triplets will be discovered at low scale, its contribution
to the anomalous magnetic moment of the leptons will anyway be extremely small.
Note added
During the completion of this work, Ref. [21] appeared, calculating the anomalous
magnetic moment of the muon in three low-scale seesaw models. Our results differ
from the ones presented in that paper in the case of type-III seesaw by one order of
magnitude 6. Firstly, in Ref. [21] only the Higgs diagram is calculated, arguing that
this is the relevant one. However, from our Eqs. (14)-(21) it can be seen that all the
diagrams give a contribution of the same order of magnitude. This is a difference, but
it does not lead to one order of magnitude of discrepancy. This discrepancy comes
from the fact that in Ref. [21] existing bounds on ǫll have not been taken into account.
If we take the result of Ref. [21], Eqs. (20)-(21), re-express it in terms of ǫ and take the
limit for small MΣ, we obtain a formula similar to our Eq. (22), but with the numerical
factor being even one order of magnitude smaller. So it seems to be impossible to get
a contribution of the order of 10−10, as claimed in that paper, if the existing bounds
are taken into account.
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Appendix A
The Lagrangian terms in Eq. (10), which are the ones relevant for our calculation, are:
LCC = g√
2
(
l Ψ
)
γµW−µ
(
PLg
CC
L + PRg
CC
R
√
2
)(
ν
Σ0
)
+ h.c.
LNC = g
cosθW
(
l Ψ
)
γµZµ
(
PLg
NC
L + PRg
NC
R
)( l
Ψ
)
LH,η = g
2MW
(
l Ψ
)
H
(
PLg
H
L + PRg
H
R
)( l
Ψ
)
+ i
g
2MW
(
l Ψ
)
η (PLg
η
L + PRg
η
R)
(
l
Ψ
)
Lφ− = −φ−l g√
2MW
{(
PLg
φ−
Lν
+ PRg
φ−
Rν
)
ν +
(
PLg
φ−
LΣ
+ PRg
φ−
RΣ
)
Σ0
}
+ h.c.
with
gCCL =
(
gCCLlν g
CC
LlΣ
gCCLΨν g
CC
LΨΣ
)
=
(
(1 + ǫ)U0νν −Y †ΣM−1Σ v√2
0 . . .
)
gCCR =
(
gCCRlν g
CC
RlΣ
gCCRΨν g
CC
RΨΣ
)
=
(
0 −mlY †ΣM−2Σ v
−M−1
Σ
Y ∗ΣU
∗
0νν
v√
2
. . .
)
gNCL =
(
gNCLll g
NC
LlΨ
gNCLΨl g
NC
LΨΨ
)
=
(
1
2
− cos2θW − ǫ 12Y †ΣM−1Σ v
1
2
M−1
Σ
YΣv . . .
)
gNCR =
(
gNCRll g
NC
RlΨ
gNCRΨl g
NC
RΨΨ
)
=
(
1− cos2θW mlY †ΣM−2Σ v
M−2
Σ
YΣmlv . . .
)
gHL =
(
gHLll g
H
LlΨ
gHLΨl g
H
LΨΨ
)
=
(
ml (3ǫ− 1) −mlY †ΣM−1Σ v
−YΣv (1− ǫ)−M−2Σ YΣm2l v . . .
)
gHR =
(
gHRll g
H
RlΨ
gHRΨl g
H
RΨΨ
)
=
(
(3ǫ− 1)ml − (1− ǫ) Y †Σv −m2l Y †ΣM−2Σ v
−M−1
Σ
YΣmlv . . .
)
gηR =
(
gηRll g
η
RlΨ
gηRΨl g
η
RΨΨ
)
=
( − (ǫ+ 1)ml (1− ǫ) Y †Σv −m2l Y †ΣM−2Σ v
−M−1
Σ
YΣmlv . . .
)
gηL =
(
gηLll g
η
LlΨ
gηLΨl g
η
LΨΨ
)
=
(
ml (ǫ+ 1) mlY
†
Σ
M−1
Σ
v
−YΣv (1− ǫ) +M−2Σ YΣm2l v . . .
)
and{
gφ
−
Lν
= mlU0νν
gφ
−
Rν
= − (1− ǫ)m∗νU∗0νν
{
gφ
−
LΣ
= mlY
†
Σ
M−1
Σ
v√
2
gφ
−
RΣ
= (1− ǫ) Y †
Σ
v√
2
(
1− ǫ′∗
2
)−√2m∗νY TΣ M−1Σ v .
The dots in the previous equations refer to Σ0-Σ0 and Ψ-Ψ interactions which do
not contribute to the process we are considering. Moreover ǫ = v
2
2
Y †
Σ
M−2
Σ
YΣ, ǫ
′ =
v2
2
M−1
Σ
YΣY
†
Σ
M−1
Σ
and U0νν = (1 − ǫ2)V , where V is the lowest order neutrino mixing
matrix (PMNS matrix) which is unitary; finally we take sin2 θW = 0.23.
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Appendix B
Performing the calculation in the ’t Hooft-Feynman gauge, after loop integration, the
various amplitudes, at O(ǫ) and neglecting terms proportional to xl = m2l /M2W , yl =
m2l /M
2
Z , zl = m
2
l /M
2
H and m
2
l /M
2
Σ that will give irrelevant contributions, are:
T φ
−/W−
νi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)PR(2p · ε)ul(p)
}[(
1 +
ǫ
2
)
lα
VαiV
†
iβ
(
1− ǫ
2
)
βl
]
F1(xνi)
TW
−/φ−
νi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)PL(2p · ε)ul(p)
}[(
1− ǫ
2
)
lα
VαiV
†
iβ
(
1 +
ǫ
2
)
βl
]
F1(xνi)
TW
−/W−
νi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}[(
1 +
ǫ
2
)
lα
VαiV
†
iβ
(
1 +
ǫ
2
)
βl
]
F2(xνi)
T φ
−/φ−
νi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}[(
1− ǫ
2
)
lα
VαiV
†
iβ
(
1− ǫ
2
)
βl
]
xνiF3(xνi)
T
φ−/W−
Σi
= −ieG
SM
F
8
√
2π2
ml
{
ul(p− q)(2PL + PR)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
F1(xi)
T
W−/φ−
Σi
= −ieG
SM
F
8
√
2π2
ml
{
ul(p− q)(PL + 2PR)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
F1(xi)
T
W−/W−
Σi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
F4(xi)
T
φ−/φ−
Σi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
xiF5(xi)
TZΨi =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
2G1(yi)
THΨi =
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
yiG2(yi)
T η
Ψi
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}v2
2
(
Y †
Σ
M−1
Σ
)
li
(
M−1
Σ
YΣ
)
il
ziG2(zi)
TZl′
i
=
ieGSMF
8
√
2π2
ml
{
ul(p− q)(2p · ε)ul(p)
}
δl′
i
l
[ (
G4(yl′
i
)− 12 cos2 θWG3(yl′
i
)
+8 cos4 θWG3(yl′
i
)
)
+ ǫll
(−4G5(yl′
i
) + 8 cos2 θWG3(yl′
i
)
) ]
THl′
i
= 0
T ηl′
i
= 0
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where xνi ≡
m2νi
M2
W
, xi ≡ M
2
Σi
M2
W
, yl′
i
≡
m2
l′
i
M2
Z
, yi ≡ M
2
Σi
M2
Z
, zi ≡ M
2
Σi
M2
H
and Fi(x) and Gi(x) are the
following functions:
F1(x) = J0(x)− 2J1(x) + J2(x)
F2(x) = 3J0(x)− 8J1(x) + 7J2(x)− 2J3(x)
F3(x) = J1(x)− J3(x)
F4(x) = −9J0(x) + 16J1(x)− 5J2(x)− 2J3(x)
F5(x) = −3J1(x) + 4J2(x)− J3(x)
G1(x) = 7I1(x)− 8I2(x) + I3(x)
G2(x) = 2I0(x)− 3I1(x) + I3(x)
G3(x) = I1(x)− 2I2(x) + I3(x)
G4(x) = 3I1(x)− 8I2(x) + 5I3(x)
G5(x) = 3I1(x)− 4I2(x) + I3(x)
where 7
Jn(x) =
∫ 1
0
dα
αn
1− α(1− x) In(x) =
∫ 1
0
dα
αn
x+ α(1− x) .
In the limit in which xνi → 0 and yl → 0, taking the linear terms in xνi , we have:
F1(xνi)→ 12 − 12xνi F2(xνi)→ 76 − 56xνi F3(xνi)→ 56 + 103 xνi
G3(yl)→ 13 G4(yl)→ 23 G5(yl)→ 43 .
In this limit, grouping the various amplitudes according to the fermion circulating in
the loop and summing over i, we get the results displayed in the text, Eqs. (14)-(17).
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